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Abstract. We study intersection theory for differential algebraic varieties. Partic- 
ularly, we study families of differential hypersurface sections of arbitrary affine differ- 
ential algebraic varieties over a differential field. We prove the differential analogue 
of Bertini's theorem, namely that for an arbitrary geometrically irreducible differen- 
tial algebraic variety, generic hyperplane sections are geometrically irreducible and 
codimension one. We also study hypersurface sections in families. In the case of 
families of hyperplanes, we also establish smoothness results. Following the main 
theorem, several applications of this work relating to the definability of Kolchin 
polynomials and the definability of irreducibility in families of differential algebraic 
varieties are given. 

Consider the following theorem from algebraic geometry: 

Theorem. [JJ 7.1, page 48] Let Y, Z be irreducible algebraic varieties of dimensions 
r, s in A n Then every irreducible component W ofYHZ has dimension greater than 
or equal to r + s — n. 

This theorem fails for differential algebraic varieties embedded in affine space, as the 
following example shows. Developing the following counterexample to the intersection 
theorem involves a number of fairly technical results from differential algebra. The 
reader unfamiliar with these developments might simply take them for granted or 
even simply look at the conclusion of the example, after which we will give a detailed 
introduction to our results. 

Example 0.1. (Ritt's example). We work in A 3 over an ordinary differential field, 
k. Let V = Z(f), where 

f(x, y, z) = x 5 - y 5 + z(x5y - ySxf 

In fact, though V is the zero set of an absolutely irreducible differential polynomial, 
it is not irreducible in the Kolchin topology. V has six components. Let /is denote 
the set of fifth roots of unity. For each £ e /z 5 , x — (y cuts out a subvariety of V. Note 
that 

f = (x-(y)( JJ - Vy) + z(5y(x - C,y) - yd(x - (y)) 2 
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is a preparation eqution for / with respect to x — (y [El see chapter 4, section 13]. 
Further, one obtains the preparation congruence, f — (x — (y)([lr)en5\{(}( x ~ w) 
modulo [x— (y} 2 , so by the Low Power Theorem J22J chapter 7] or J8j chapter 4, section 
15] [x — (} is the ideal of a component of V. The general component is given by the 
saturation by the separant (with respect to some ranking) of [/]. For instance, one 
possible choice of ranking would yield [/] : J^°° = {g | g £ [/]> f° r some n £ 

N} as the ideal of the general component. By the component theorem [HI Theorem 5, 
page 185], these are the only components. Now we consider the differential algebraic 
variety W, which is the general component of V. 

Establishing that (0, 0, 0) £ W can be done by noting that / is differentially ho- 
mogeneous and applying [7J Proposition 2] to show that all of the components are 
differentially homogeneous (thanks to Phyllis Cassidy for this observation). Now, 
consider W D H where H is the hyperplane given by z = 0. Take (a, b, 0) £ W. Then 

n„ ews ( a-7 7 6 ) = °> s ° 

(1) a-(b = 

for some ( £ /is; fix this £ for the remainder of the example. Now the problem is 
essentially to determine the intersection of the line given by z = and x — (y with the 
general component W, given by [/] : (or equivalently saturating with respect to 

some other ranking). 

For each rj £ /is\{C}, consider new variables z 1 ,uq,Ui,u 2 ,u 3 and let 

G = uqZi + u\z\ + u 2 Zi5zi + u 3 (5z 1 ) 2 . 

Applying Levi's Lemma |SJ see chapter 4, section 11], we can see that there is some 
d and a differential polynomial p £ K{z 1} uq, U\, u 2 , u 3 } such that 

• p £ [zj] 

• p is homogeneous of degree d in Ui,u 2 , u 3 and their derivatives. 

• The total degree of p in U\ is less that d. 

• We have the following containment, 

(2) zi{uf + p(zx, u , Mi, u 2 , u 3 )) £ {G}. 

Now substitute x — (y for Zi, Yl n efi 5 \{(;}( x ~ VV) f° r M o, z (8y) 2 ior u%, —2zy5y for u 2 , 
and zy 1 for u 3 . Now equation [2] becomes: 



( i y \ 

n (x-Vy)\ +P(x~(y, IJ [x - r]y),z(5y) 2 ,-2zy5y,zy 2 
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As x — (y ^ [/] : it must be that 



d 



n ( x - W) \ +P(x-(V, I f (x-r]y),z(Sy) 2 ,-2zySy,zy 2 ) E {/} C[f] : ' J 



Recall, (a, b, 0) G W, so 



<9<5x 



q(x,V,z) := I IJ (or — 772/) J +p((x-Cy, JJ (x - r/y), z(Sy) 2 , -2zy5y, zy 2 ) 

vanishes at (a, 6, 0). 

But, q(a, b, 0) = (il^uo^ ~~ ^ & )) So ' for some V G ^s\{C}» 
(3) a - r)b = 0. 

Combining equations[[]and[3]clearly gives that a = b = 0. So, the differential algebraic 
variety W, which is dimension two (see definition 13. fl below) intersects the hyperplane 
given by z = which is also dimension two in precisely one point (dimension zero). 
As both are embeddedd in A 3 , the example shows that the above intersection theorem 
can not hold in the context of differential algebraic geometry. 

For an exposition of many of the results used above, see [24] . The exposition here 
follows the notes of William Sit [23] with several points made by Phyllis Cassidy (via 
personal correspondence). 

The motivating questions of the paper are: 

Question 0.2. Is Ritt's example exceptional or generic for intersections of differential 
algebraic varieties ? More technically: in the space of differential hypersurfaces of a 
particular order and degree, what is the locus on which the intersection theorem fails 
for a given arbitrary differential algebraic variety? What is the locus on which the 
intersection is reducible? Do these loci even have differential algebraic structure? 

The main thrust of the paper is to provide answers to several of these questions 
(and variants), in part by proving a differential analogue of Bertini's theorem. After 
this, we point out several applications of the main theorem. In practice, anomalous in- 
tersections cause two problems with respect to proving Bertini-style theorems. First, 
hyperplane sections might not be codimension one (as in the above example), so the 
dimension conclusion of the theorem will not hold on general grounds once the inter- 
section is proven nonempty (as in the case of algebraic geometry, following from the 
above affme intersection theorem). Second, the potential for anomalous intersections 
makes proving irreducibility results more difficult in differential algebraic geometry; 
the possibility of small dimensional components in intersections are a worry which, 
again, can be more easily dismissed in the algebraic case. 
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Dispensing with the first problem for hyperplane sections (or even hypersurface) , 
at least generically, is reasonably straightforward. The second problem is slightly 
more involved. Overcoming it essentially involves several steps: applying differential 
algebraic reduction theory to establish the primality of a differential ideal over a spe- 
cific field, using a differential lying over theorem for prime differential ideals, followed 
by geometric arguments. 

Much of the work here is inspired by and related to [28]. The authors of that paper 
use purely differential algebraic arguements, while we tend to use model theoretic tools 
as well as the ideas in [28J (appropriately generalized to the partial case). In some 
cases, model theoretic tools allow proofs to be shortened significantly. Further, we 
pursue stronger irreducibility results; we are not ultimately interested in irreducibility 
over a specific differential field. Rather, our goal is to prove geometric irreducibility 
results: 

Definition 0.3. An affine differential algebraic variety, V over K, is geometrically 
irreducible if I(V/K') is a prime differential ideal for any K', a differential field 
extension of K. 

In model theoretic terms, geometric irreducibility of V corresponds to the generic 
type of V over k being stationary. The results [2S] are algebraic; in geometric terms, 
they prove preliminary versions of Bertini-style theorems along the lines of [SJ The- 
orem 2 page 54]. Their results apply to hypersurface sections of affine differential 
algebraic varieties over a differential field K, cut out by hypersurfaces with coeffi- 
cients u, which are new generic indeterminants over K - the results are not valid 
when the coefficients u are not independent differential transcendentals (and one con- 
siders irreducibility of the intersection over K(u)). However, for applications, one 
often wishes to take to the coefficients of the hypersurfaces in some specific differ- 
ential field extension, F, and then consider irreducibility of the intersection over F. 
Of course, for model theoretic applications, one often wants to assume that K is 
algebraically or differentially closed, which is never possible using field of the form 
K(u) as above. Unfortunately, the irreducibility results of [28] would not be true in 
that setting even for algebraic varieties without the hypothesis that the dimension of 
variety considered is greater than one. In fact, we will show that algebraic curves are 
the only potential counterexamples to geometric irreducibility in generic intersection 
theorems. 

We would also like to point out that some of the results of [2S] are connected 
with (in some cases directly implied by) earlier results of (20] (for instance, both 
prove results about zero- dimensional differential algebraic varieties avoiding generic 
hypersurfaces), but since that paper is written from a model-theoretic point of view, 
the connections may not be obvious to the reader not familiar with the languages of 
both model theory and differential algebra. 
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From the model theoretic point of view, most of the interesting questions about 
ordinary differential fields occur at the level of the finite rank types (equivalently, finite 
transcendence degree differential field extensions). This is essentially because there 
is precisely one infinite rank type in Si(K) - namely that of a 8-K- transcendental. 
Of course, there are interesting questions about the infinite rank definable sets, but 
these fall outside the interesting lines of work regarding nonorthogonality, which is at 
the heart of geometric stability theory and many model theoretic applications. The 
situation is similar in partial differential fields, but the line is drawn not at the finite- 
infinite level, but rather at the level of the degree of the Kolchin polynomial being at 
or below m (the number of derivations). The model theoretic-differential algebraic 
correspondence is just as strong at this level in the partial it is at the finite- 

infinite level in the ordinary case. Most of the strength of this correspondence is 
present at other levels of Lascar rank as well (for instance, for mi < m, considering 
the types of Lascar rank less than u mi ). For these intermediate levels of rank, it is 
not the model theoretic correspondence which breaks down; rather, these differential 
algebraic varieties, though complicated and in a certain sense infinite dimensional, 
behave like zero- dimensional algebraic varieties with respect to generic intersections. 

After describing the setting and back round in additional detail (section [2]), we 
prove our main intersection theorems over the course of two sections. Most of the 
differential algebraic arguments are contained in section[31 while the geometric/model- 
theoretic arguments are mainly confined to section HI Following this, we concentrate 
on the smoothness of hyperplane sections in section [5j There are several notions of 
smoothness for differential algebraic varieties, and we verify that each of the properties 
is preserved by generic hyperplane sections, which finishes the proof of the main result 
of the paper: 

Theorem 0.4. (\A\ = m) Let V be a smooth, geometrically irreducible affine dif- 
ferential algebraic variety over a A-field K . Let H be a generic hyperplane over K . 
Then V C\H is a smooth, geometrically irreducible differential algebraic variety, which 
is nonempty just in case dim{V) > 0. In that case, V n H has Kolchin polynomial: 



In section five, we also give several examples and prove several results regarding 
arc spaces and nonorthogonality (for instance Proposition 15. 8p . 

In the final two sections, we give several applications of the main theorem. In sec- 
tion [H] we give the infinite-dimensional analogue of a model theoretic idea in strongly 
minimal theories. In a strongly minimal theory Morley rank is definable; take a 
formula <j)(x,y) over the empty set with parameters y from a model M \= T. Then 
{y | RM((p(x, y)) = n} is a definable set. We prove the same fact for differential fields 
with A-transcendence degree playing the role of Morley rank. This allows a more 
detailed analysis of the exceptional sublocus of the Grassmannian with respect to the 
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conclusions of I0.4[ at least with respect to dimension. Namely, we prove that inter- 
sections have appropriate dimension on a Kolchin open subset of the Grassmannian. 
We do not provide any characterization of the exceptional sublocus with respect to 
irreducibility. In fact, proving that the exceptional sublocus is a differential algebraic 
subvariety of the Grassmannian would seem to give a nontrivial reduction to the Ritt 
problem, as described in the final section. 

In section [7J we generally consider the problem of irreducibility in families. Let 

: V -»■ S 

be a morphism of differential algebraic varieties. Is the set 

{s | is irreducible} 

a constructible set in the Kolchin topology? This problem is equivalent to several well- 
known and long-standing open problems in differential algebraic geometry, and we do 
not solve it here. We solve a related problem in the ordinary case. Namely, we answer 
the question affirmitively when irreducibility is replaced by generic irreducibility. 
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2. Setting and definitions 

We will very briefly review some of the developments necessary for our results; more 
complete expositions can be found in various sources, which we cite below. We use 
standard model-theoretic notation, following [10] and differential algebraic notation, 
following [8J. In this paper, we will take K to be a differential field of characteristic 
zero in m commuting derivations, A = {5\, . . . ,5 m }. In this setting, we have a 
model companion, the theory of A-closed fields, denoted DCF 0tm . One may work 
entirely within a saturated model of DCF Qm for this paper, taking all differential 
field extensions therein. However, the results of this paper require care with respect 
to the field we work over. We do not consider abstract differential algebraic varieties 
or differential schemes; we only consider affine differential algebraic varieties over a 
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differential field. One can easily extend many of the results of this paper to the 
projective case, but we do not address this directly. 

The type (in the sense of model theory) of a finite tuple of 11 over F is the collec- 
tion of all first order formulae with parameters from F which hold of the tuple. A 
realization of a type p over F (we write p G S(F)) is simply a tuple from a field exten- 
sion satisfying all of the first order formulae in the type. As DCF 0tUl has quantifier 
elimination, we have a correspondence between types and prime differential ideals 
and differential algebraic varieties. Given a type p G S(F), we have a corresponding 
(prime) differential ideal via 

p H- I p = {/ G F{y} | f(y) = G p}. 

The corresponding variety is simply the zero set of I p . For the reader not acquainted 
with the language of model theory, the type of a tuple b over F corresponds to the 
isomorphism type of the differential field extension F(b)/F with specified generators. 
Next, we will give a series of definitions leading to one of the tools used in this paper, 
rank, an ordinal valued function on types. 
Let G be the free commutative monoid generated by A. For 9 G O, if 9 = . . . <5^ m , 
then ord{9) = a% + ... + ... + a m . The order gives a grading on the monoid 6. We 
let 

8(s) = {9 G 6 : ord{9) < s} 
Let k be an arbitrary differential field. 

Theorem 2.1. (Theorem 6, page 115, ^\) Let rj = (r/i, . . . , r) n ) be a finite family of 
elements in some extension of k. There is a numerical polynomial u v /k(s) with the 
following properties. 

(1) For sufficiently large s G N, the transcendence degree of ^((^)e e e(s),i<i<n) 
over k is equal to u v /k(s). 

(2) deg(u v/k (s)) < m 

(3) One can write 

o<i<m 

In this case, a m is the differential transcendence degree of k(rj) over k. 

Definition 2.2. The polynomial from the theorem is called the Kolchin polynomial 
or the differential dimension polynomial. Let p G S(k). Then u p (t) := ujb/kif) where 
b is any realization of the type p over k. 

Definition 2.3. Suppose that p and q are types such that q extends p. This means 
p G S(k) for some differential field k and q G S(K) where K is a differential field 
extension of k; further, as a sets of first order formulae p C q. 

In this case, any realization of q is necessarily a realization of p when we consider 
only the formulae which are over k. 
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Definition 2.4. Let q extend p. We say q is a nonforking extension of p if 

W p (t) = U3 q (t). 

Note that the Kolchin polynomial on the left is being calculated over k and the 
Kolchin polynomial on the right is being calculated over K. 

Definition 2.5. Let p be a type. Then, 

• RU{p) > if p is consistent. 

• RU{p) > (3, where is a limit just in case RU{p) > a for all a < (3. 

• RU(p) > a + 1 just in case there is a forking extension q of p such that 
RU(q) > a. 

Remark 2.6. The last three definitions are specific instances of model theoretic no- 
tation in the setting of differential algebra; for the more general definitions, see [i~6] . 
Our development of this is rather nonstandard; normally, forking is defined in a much 
more general manner. That forking specializes to the above notion in differential 
algebra requires proof, but is a natural consequence of the basic model theory of 
differential fields, see [15] . 

When considering model theoretic ranks on types like Lascar rank (denoted RU (p)) 
we will write RU(V) for a definable set (whose A-closure is irreducible) for RU(p) 
where p is a type of maximal Lascar rank in V. We should note that some care 
is required, since the model theoretic ranks are not always invariant under taking 
A-closure. See [2] for an example. 

We will be using Lascar rank at various points, and remind the reader of the 
following result, which we use implicitly throughout the section: 

Proposition 2.7. [13] Let b be a tuple in a differential field extension of k. Then 
dim(b/k) = n if and only if u m ■ n < RU(tp{b/k)) < u m ■ (n + 1) 

Definition 2.8. Let A = {5i, . . . , 5 m }. Let A' = {5[, . . . , S' m }. A homomorphism 
(p from A-ring (R, A) to A'-ring (5*, A') is called a differential homomorphism if for 
each i, (fioSi = 8[ o 0. When R is an integral domain and S is a field, then such a map 
is called a A- specialization. 

Remark 2.9. Differential algebraists sometimes use y to denote a specialization of 
y. Since model theorists often denote tuples of formal variables in this way, we will 
avoid this notation. For instance, if the specialization is given by a homomorphism 
4>, then when necessary we will write <p(y) for the specialization of y. The following 
proposition is proved in a constructive manner in [281 Theorem 2.16], but seems to be 
a natural consequence of the model-theoretic setup since the positive atomic formulae 
witnessing non-independence are pushed forward by the differential homomorphism, 
witnessing non-independence in the image. 
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Proposition 2.10. Let u = (ui, . . . ,u r ) C U be a set of A-independent differential 
transcendental elements over K. Let y = (yi, . . . ,y n ) be a set of differential inde- 
terminants. Let Pi(u,y) G K{u,y} for i = 1, . . . ,n\. Suppose : K{y} —¥ U be a 
differential specialization into U such that <f>(yi) ^ K(u). Suppose that Pi(u,(p(y)) 
are (as a collection), not independent over K(u). Then let ip be a differential special- 
ization from K{u) — > K. The collection {Pi(ip(u), <p(y))}i=i,..., ni are not independent 
over K. 



In this section we develop an intersection theory for differential algebraic varieties 
with generic A-polynomials. The influence of [28J for proving statements about irre- 
ducibility over specific differential fields is obvious; we have adapted their techniques 
to the partial differential setting. Our arguments about dimensions of intersections 
were done earlier from a more model-theoretic point of view. The following definition 
matches that of j28j if restricted to the ordinary case]. 

Definition 3.1. Let X be a A- K- variety. Denote, by dim(X / K) the A-transcendence 
degree of a generic point on X over K. As usual, via the correspondence between 
types, tuples, and differential varieties we will abuse notation and write dim{p) for 
p G S(K) or dim(a/K) for some tuple in a A-field extension. 

Definition 3.2. In A n , the differential hypersurfaces are the zeros of a A-polynomial 
of the form 



where m; are differential monomials in ^{yi, . . . , y n }. For convenience, in the following 
discussion, we do not consider 1 to be a monomial. A generic A-polynomial of order 
s and degree r over K is a A-polynomial 



where rrii ranges over all differential monomials of order less than or equal to s and 
degree less than or equal to r and a = (a , ai, . . . , a n ) is A-transcendental over K. 
A generic A-hyper surf ace of order s and degree r is the zero set of a generic A- 
polynomial of order s and degree r. When / is given as above, we let df be the tuple 
of coefficients of /. Throughout, we adopt the notation aj = aj\{a }. 

Remark 3.3. As Example 10. II shows, not every component of a differential hypersur- 
face would has corresponding ideal which is differentially principal (sometimes one 
must saturate by the separant). Determining the generators of a differential ideal 
when it is given in characteristic set form is an open problem (5J see page 170, com- 
ments preceding Proposition 5 for details]. In general, one might wish to define 
differential hypersurfaces as being those varieties whose corresponding ideals have 
characteristic sets consisting of a single differential polynomial. For purposes of this 
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paper, the differences are not pertinent, so we can look at the smaller class as defined 
above. 

The next lemma is proved in the ordinary case in [28J (Lemma 3.5). The proof in 
this case works similarly, assuming that one sets the stage with the proper reduction 
theory in the partial case. One might notice that Lemma 3.5 of [28] has a second 
portion. For now, we will concentrate only on the irreducibility of the intersection. 
Necessary and sufficient conditions for the intersection to be nonempty will be given 
later. 

Lemma 3.4. Let 3 be a prime A-ideal in K{y} with differential transcendence degree 
d and let f = yo + Y^i=i a i m i w ^h (ai, . . . , a n ) differentially independent over K. Then 
3 = {3,f} is a prime A-ideal of K{df){y,y }. 

Proof. Let b = {pi, ... , b n ) be a generic point of V(I) over K such that b is independent 
from a over K. In model theoretic terms, b ^ R a. Let f = yo + YH=i a i m i- Consider 
the tuple (&i,..., b n , — Y^l=i a i m i(f>))- Let 3 — P, /]■ We show irreducibility of the va- 
riety V(3 ) in A n+1 via showing that it is the Kolchin closure of . . . , b n , — Yli=i a i m i(p)) 
over K. Since only irreducible sets over K have i^-generic points in the Kolchin topol- 
ogy, this will complete the proof (said another way, being the locus over K of a tuple in 
a differential field extension is precisely equivalent to being an irreducible A-i^-closed 
set). 

Suppose g is a A-polynomial over K(a,f) which vanishes at (b%, . . . , b n , ao). Consider 
the / as a A-polynomial of K(a,H){y,yo}- Fix a ranking so that y is the leader of 
/. Then reducing g with respect to / gives some go (which is equivalent to g modulo 
/). This g must be in K{df){yi, . . . , y n }. Of course, since b is generic for 3, we must 
have that go e K(d>f) • 3. But then g G Jo an d the claim follows. □ 

Lemma 3.5. Following the notation of the previous lemma assume d > 0; then 
RU(V(3 )) = RU(V(3)). 

Proof. Take a nonforking extension of a generic type of V(I) to K(af). Let b = 
(b±, . . . , b n ) be a realization of this type. Then (b, — J2i=i a i m i(p)) is a point on V{3q)). 
So, RU(V(3o)) > RU(V{3)). On the other hand, for any point c G V(3o), c n+ i is in 
the field K(df)(ci, . . . , c n ). In model theoretic terms, the n + 1st coordinate is neces- 
sarily in the definable closure of the first n. RU(c/K(af)) = RU((c\, . . . , c n )/K(df)). 
This establishes RU(V(3 )) = RU{V{3)). □ 

Corollary 3.6. Suppose that the A-transcendence degree of 3 is equal to d. Then the 
A-transcendence degree of3o is equal to d. 

Now we turn towards establishing necessary and sufficient conditions for the inter- 
section to be nonempty when we relax the sorts of intersections under consideration. 
In the case that the intersection is nonempty, we calculate the differential transcen- 
dence degree. 
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Lemma 3.7. Suppose that V is a differential algebraic variety such that RU(V/K) < 
u m . Then V fl V(f{x)) = for any generic differential polynomial f(x). 

Proof. This was originally proved in [2T] in the ordinary case, and was reproved in 
[28] in the ordinary case. The proof for hypersurfaces in the partial case can be found 
in [U Proposition 4.1]. □ 

Lemma 3.8. Suppose that V is a differential algebraic variety embedded in A n with 
bj m ■ n\ < RU(V/K) < u m • (ni + 1) where ni > 1. If f(x) is a generic differential 
polynomial, then 

u m ■ (m - 1) < RU{y n v(f)/K x ) < u m ■ m, 

where K\ is the differential fi eld extension of K generated by the coefficients appearing 
in f. 

Proof. Let us prove that the Lascar rank is at least u m ■ (jii — 1). Suppose that for a 
realization of the generic type, bi, . . . , 6 m _i are A-dependent mod 3i, where perhaps 
we rearrange the coordinates so that yi, . . . , y ni is such that for a generic realization 
on b G V(3), bi, . . . ,b ni are a A-transcendence base for the differential function field 
generated by b. Then we get some / G K{clh, &i, • • • , &ni-i> — X) °A} an d we see 
that &rn-ij — a ih are dependent over K{an)- Now specialize to — 1 and 

specialize all other a* G an to 0. But then bi,...,bd are dependent over K by 12. 10[ a 
contradiction. 

The upper bound follows easily from considering the projection of the last coordi- 
nate of the variety in 13.51 and applying the Lascar inequality. □ 

Lemma 3.9. Let 3 be a prime A-ideal in K{yi, . . . , y n }. Let f = yo+Y^=i a i m % 9^ ve a 
generic hypersurface. Then 3i = {J, /} is a prime A-ideal in K{a , ax, ... , a n ){yi, . . . , y n }. 

Proof. In the case that r(V(3)) < m, that is, the differential transcendence degree is 
zero, V{I) H V(f) = by Lemma EI0 Thus {3,f} = K(y ,a 1 , . . .,a n ){y 1 , . . .,y n }. 

Now suppose that r(V(I)) = m, that is, the differential transcendence degree is 
at least one. Then by Lemma [378| V(I) fl V(f) ^ 0. Recall the notation of 3q from 
Lemma [331 We will show that 3\ fl K{a\, . . . , a n ){yi, . . . ,y n , y } = 3 . Suppose that 
we have g,h G K(ai, . . . , a n , yo){yi, • • • , y n } such that g ■ h G 3i. Since we are taking 
a field extension over K, the coefficients of the differential polynomials might involve 
differential rational functions in ax,... ,a n ,yo over K. This is easily dispensed with 
since if we multiply by suitable differential polynomials in a , . . . ,a n ,y over K, we 
will get g,h G K{a±, . . . , a n , y , yi, . . . , y n } such that g ■ h & 3 . But, J is prime by 
Lemma 13.41 So, we have a contradiction and 3± is prime. Further, we can see (again, 
simply by clearing denominators) that 3% lies over 3q, when we regard Jo as an ideal 
of R{y h . . .,y n } where R = K(a 1} . . .,a n ){y }. □ 

Proposition 3.10. Using the notation of the previous lemma and assuming that 
dim(V(3)) = d implies that dim(V(3i)) = d — 1. 
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Proof. Now suppose without loss of generality that b\,...,bd are independent A- 
transcendentals where b is a generic point on V(3) and b £ V(f). We know that 
y , yi, . . . , i/d are not independent mod 3 , so we know bi, . . . , bd are not independent 
over K(a). We claim that b\, . . . ,bd-\ are independent over K(a). Suppose not. 
Then there is some A-polynomial f(x\, . . . ,Xd-i) £ 3i- But then there is some A- 
polynomial f(x\, . . . , Xd-i, yo) £ ^o, which contradicts lemma 13^1 □ 

When we assume that the hypersurface is actually a hyperplane, we can make a 
more detailed calculation: 

Lemma 3.11. Following the notation of the previous lemma, let d > 0. Let f be 

order and degree 1 (that is V(f) is a generic hyperplane) . Then, 

UV({3J])/K{y , ai ,...,a n )(t) = U V{? )/ K {t) - 

Proof. In the notation of 13.91 bd rational over b±, . . . , bd-i in K{aj). So, 0Ji/ K ^ af ^{t) = 
ijJ b 1 ,...,b d _ 1 ,d d+1 ,...,b n /K{a f )(t). Further, by inspecting the differential ideals, we can see 

Ub 1 ,...,b d ^ 1 ,d d+1 ,...,b n /K(a f )(t) = Ub 1 ,...,b d _ 1 ,d d +i,-,b n /K(t) = Ub/K(t) - 

□ 

Putting together results [3T4l 13.51 [3771 13.81 13.91 and 13 .111 we have proved the following 

theorem, 

Theorem 3.12. Let V be a Kolchin-closed (over K) subset of A n with differential 
transcendence degree d. Let H be a generic (with respect to K) hypersurface corre- 
sponding to the tuple a (as above). Then VC\H is a Kolchin-closed subset of A n with 
differential transcendence degree d — 1. V D H is irreducible over K(d). In the case 
that d = 0, V f] H — 0. If d > and H is a generic hyperplane, then the Kolchin 
polynomial ofVClH is given by 

UVnH/K(a H )(t) = V V / K (t) - 

Remark 3.13. Note that we are considering the Kolchin topology over a specific field, 
and not its differential (or even algebraic) closure. Irreducibility over the algebraic 
closure of the differential field of definition is what we call geometric irreducibility. 
We have not proved this yet, nor do the authors of [28J in the ordinary setting. In fact, 
at least one additional hypothesis is necessary for that result: if the hypothesis were 
purely in terms of dimension, we would have to restrict to the situation d > 2. After 
all, take any degree d\ > 1 plane curve. This curve meets the generic hyperplane in 
precisely d\ points, so the intersection is not irreducible over any algebraically closed 
field. In fact, in the next section, we show that this is the only potential problem by 
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proving a more detailed result which applies to any differential algebraic variety for 
which the intersection with a generic hyperplane is infinite. 

Also note that we have not computed the Kolchin polynomial of the intersection 
except in the special case of a hyperplane. 

4. Geometric irreducibility 

Before discussing geometric irreducibility, we will require some results about the 
Kolchin polynomials of prime differential ideals lying over a fixed prime differential 
ideal in extensions. 

Proposition 4.1. ([8\ pglSl, proposition 3, part b) Let p be a prime differential ideal 
in K{yi, . . . , y n } and let F be a differential field extension of K. Then Fp has finitely 
many prime components in F{yi, . . . , y n }. If q is any of the components, then a 
generic type of the variety V(q) has the same Kolchin polynomial as the generic type 
ofV{p). 

Remark 4.2. In model theoretic terms, the generic types of the components ^(pi), . . . , V(p n ) 
of V(p) are each nonforking extensions of the generic type of V(p). Assuming that 
the base field K is algebraically closed would ensure that the generic type of V(p) is 
stationary; consequently Fp is a prime differential ideal for any field extension F of 
K. 

Recall the following definition given in the introduction: 

Definition 4.3. An affine differential algebraic variety, V over K, is geometrically 
irreducible if I(V/K') is a prime differential ideal for any K', a differential field 
extension of K. 

Remark 4.4. The previous proposition and remark show that it is enough to consider 
irreducibility over K al9 , the algebraic closure of K. To put geometric irreducibility 
in the language of differential schemes, if V = ASpec(K{x\, . . . , x n }/p) where p 
is a prime differential ideal, then V is geometrically irreducible if its base change 
ASpec(K{x\, . . . ,x n }/p) y-ASpec(K) ASpec(K al9 ) is irreducible. 

Theorem 4.5. Let V be a (geometrically) irreducible Kolchin-closed (over K) subset 
of A n with Kolchin polynomial wy(t) > ( t ^ 1 )- Let H be a generic hyperplane. Then 
V H H is geometrically irreducible and uj HnV {t) = wy(i) — ( +m ) • 

Remark 4.6. The strict inequality toyit) > (* +m j in the hypothesis is necessary. This 
hypothesis prevents V from being an algebraic curve (in fact, it is equivalent to this). 
The fact we get geometric irreducibility of the intersection even in the case that V is 
dimension one (as long as V is not an algebraic curve) is in contrast to the case of 
algebraic geometry. 
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Proof. Consider the the differential algebraic variety W = {(v i, v 2 , (3) \ v « G V, Vi G 
Hp} C V x V x A™ where iTg is the hyperplane given by = 1. It might be the 

case that W is reducible in the Kolchin topology, but we will not be concerned with 
this specifically 

Consider V R Hp. When (3 is generic over K, we know that V D Hp is irreducible 
over K(/3), so by the Proposition 14.11 all of the components of V over the algebraic 
closure of K have Kolchin polynomial equal to UvnHg/K{/3)(t)- If V PI Hp has more 
than one component, then W has more than one component with Kolchin polynomial 
2ojy/K + {n — 2) ( t ~^ 1 ) ■ To see this, consider the complete types given by independent 
generic points on VnHp, and (3 generic subject to the requirement that Vi G Hp. Then 
there is more than one option for the type (v i, v 2 , (3), depending on if v\ and v 2 are in 
the same component of V D Hp over K((3) al9 . Now, we only consider components of 
W with Kolchin polynomial 2cov/k + (n — 2) ( t ^ 1 ) and show that V fl Hp is irreducible 
over K((3) al 9. 

Suppose vi and v 2 are independent generic points on V, and (3 is generic subject 
to the condition that Hp contains Vi,v 2 . Then the triple Vx,v 2 ,{3 is generic on W 
over K. We will show that this is the only way to construct a generic type on 
W. If t>i 7^ t> 2 an d /3 is generic over Vi 1 v 2l subject to Vi G Hp, then up/ VlV2 (t) = 
(*+ m ) ■ (n - 2). If Vl = v 2 , then ^(t) = (*+ m ) ■ (n - 1). But, if v t = v 2 , then 
w i>it) 2 /3(^) < 2^ + (*^ Tt ) " ( n — 2), because u^/if > (*^™)- So, there is a unique type 
in W with Kolchin polynomial 2co>v7^ + ~ 2) (* +m ) ; so there is only one component 
with Kolchin polynomial 2cov/k + — 2) ( t+m ^ . 

By our earlier arguments, there is a unique component of V D -f/^ with Kolchin 
polynomial uy — ( t ~^ 1 ) ■ But, by Proposition 14. 11 we know any of component of VnHp 
must have Kolchin polynomial ujy — f* +m ) . So, VnHp is geometrically irreducible. □ 

Notice that the main intersection theory results of the last section applied to subva- 
rieties cut out by generic differential polynomials, not just generic hyperplane sections. 
The exception is the calculation of the Kolchin polynomial of VC\H in Theorem l3.12l 
In order to replicate the methods used in this section for arbitrary generic differential 
hypersurfaces, one would have to provide calculations of the Kolchin polynomial of 
the intersection of V with arbitrary generic hypersurfaces; this might be possible, 
but we have not done it here. In the ordinary case, the calculations of the Kolchin 
polynomial were carried out [28l Theorem 1.1]. 

5. Smoothness and arc spaces 

5.1. Arc spaces. Before discussing the smoothness of generic intersections, we will 
briefly review the construction of differential arc spaces, following [TJ] for the first 
part, and [9] thereafter. None of the results in this subsection are new; see [T4l [T5| [9] 
for complete references. Throughout this subsection: S is a scheme and T — > S is a 
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scheme over S. Given a scheme Y over T, we let 

"Rt/sY : {Schemes over S} — > {Sets} 

be the functor given by 

K T/s (U)=Hom T (Ux s T,Y) 

In some situations, Rt/s is a representable functor. When this is the case, we will 
let Jl T /s(Y) be the representing object, that is, the scheme over S. For our purposes, 
this functor is always representable because we only work in the affine case [151 f° r 
more complete details regarding representability] . 

Example 5.1. Here is a concrete (and pertinent) example of Weil restriction. Let 
K' be a finitely generated field extension of K and let X' be an affine scheme of finite 
type over K'. Then the Weil restriction JIx'/kX'(A) = X'(A ®k K') for any finitely 
generated commutative X-algebra A. So, 

"Rk'/k{— ) : {affine K'-schemes} — > {affine K-schemes} 

is right adjoint to base change from K to K' . Fix X' an affine X'-scheme with coor- 
dinate ring given by K'[x\, . . . ,x n )/(fi, . . . , f m ). Then the coordinate ring of 
the affine iT-scheme given by the Weil restriction, Hk'/rX' is given as follows. Let 
yo, yx, . . . , y d be a basis for K' over K as a vector space (let us assume y = 1). Then 

K[^K'/kX'] = K[x 1A , . . . , X ljd , . . . X nih . . . , X n:d }/ . . . , f mjd ) 

where f jjk G K[x lfl , . . . , x hd , . . . , x njl , . . . , x n>d \ are such that: 

(/ m \ \ m 

I ^2 Xi > kVk ) ) = S fi,hVk 
\j=0 / J k=0 

Note that this uniquely defines fj^- 

Next, consider the case in which again, S = Spec(K). Now let T = Spec(K^) 
where 

X (m) := K[e}/(e m+l ) 

Let Y = X x 5 T, where X is an affine scheme over is a X-algebra with the 

natural map, 

a a + Oe + . . . + 0e m . 

The m'^ arc bundle of X over X is R K ( m ) Xjff^), the scheme representing the 
Weil restriction of X XgT from T to S. Throughout, we will denote this particular 
Weil restriction as A m [XjK) or A m {X) when K is implicit. Of course, for any 
X-algebra R, A m X(R) can be naturally identified with X(R[e]/(e m+1 )). 
Now, recalling the remarks in example 15 .1} take XC A ! . Suppose 

X := Spec(K[x u xi\/ ({fjjjej}) 
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Then 

A m (X) = Spec(K[{x itS } h <i<i fi <s<m]/{{fj,t}o<t<m) 

where f j)t G K[{xi, s }i,<i<i,o<s<m] is defined by, 

m m 

/i(£ x M e *)l<i<l) = 5Z^* e *' 
i=0 i=0 

calculated in the ring K[{x i>s }, e]/(e m+1 ). 

Now, suppose / : X — > Y is a map of K- varieties. It is a fact that / induces a map 
on the arc spaces denoted A m (f) : A m {X) — > A m (Y). Suppose X C A', K C A r . Let 
us consider this map in more detail. Say f — (fx, ■ ■ ■ , f r )- Then we can compute the 
map A m (f) by considering A m (X) as points in A l (K[e]/ (e m+1 )). Then to compute the 
image of some point b G A l (K[e\/(e m+1 )), one simply computes fi(b) G K[e]/(e m+1 ). 
Further, we remark that there is a natural map of arc spaces p^ m : A\ — > A m for 
I > m which is induced by the quotient map on the ring K[e]/ (e l ). When we refer to 
m th arc space at a point a G X, we mean the fiber of the map p m ,o- 

We will now review the construction of A-arc spaces for affine A-varieties; again, 
we follow |14j . where complete details are given. Now we assume that K is a A- field. 
Let 

K m :=K[rj 1 ,...,rj n }/(rj 1 ,...,r 1n r+ 1 . 
We make this ring a X-algebra via the map 

a ^ —r^ ^•••C(«K 1 

a\l ■ . . . • a n ! 

0<«i + ,..., +a n <m 

Now let S 1 = spec(K), T = spec(K m ). For an algebraic variety, the m th prolongation 
r m X of X is the Weil restriction of X x s T from Spec(K m ) to Spec(K). 

Note that if m = 1 and 5! is the trivial derivation, r m is the same as A m . As in 
the case of K^ m \ we have reduction maps (given by quotients) from K\ — > K m , and 
^i,m '■ Ti —> T m . We denote tt^ o by tti- Let V m : X — > r m X be given by 

x^ Yl - , 1 - ^ -cw-e 

„ - . . - t*i . ... ot n . 

0<ai + ...+a„<m 

Then V m is a A-regular section of n m - 

Recall, we only consider affine A-varieties, so, throughout, we let X be a A- variety 
over K and X be the Zariski closure of X over K. Now we define r m X as the Zariski 
closure of V OT X(lf ) as a subvariety of r m X{K). Note that X is determined completely 
by the sequence 

(ir^m : nX -> x m X | / > m). 

Note that 

X(X) = {a G r X(K) : V*(a) G r ; X(X), V/ > 0} 
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On the other hand, define 



(X t C Tl X\l>0) 



a sequence of irreducible algebraic subvarieties to be a prolongation sequence if 

• 717+1^ is a dominant map from X [+x to X\ 

• Considering Ti+±X as a subvariety of r l+1 X, Xi + i is a closed subvariety of tX\ 
In this case, there is a unique A-subvariety X of X so that T\X = Xi. So, there is a 
natural equivalence of categories between affine A-varieties modulo a proper closed 
differential algebraic subvariety and prolongation sequences. 

Proposition 5.2. [TJ] Let K \= DCF rn and let X C X be irreducible A-subvariety 
of X, an algebraic subvariety both defined over K. 



is the prolongation sequence for a A-subvariety of A m X. 

Definition 5.3. The m th arc bundle of X is A m X is the A-subvariety specified by 
the prolongation sequence from the previous proposition. 

A\X is naturally isomorphic to the A-tangent bundle, which is described below, 
and for which we use Kolchin's notation T A X. 
In [TJ], the authors give the following definition: 

Definition 5.4. a G X(K) is a smooth point if V s (a) is a smooth point on t s X(K) 
for each s and rf(vr S)t )v s (a) has full rank for every s > t. When a G -^(if) is smooth, 
i~ s {A m X a ) = .A m (T s X)v s ( a ). 

The remainder of the section follows Kolchin's development of the differential tan- 
gent space [9]. For this section, let X = V(p), a prime differential ideal in the ring 
K{yx, . . . , y n }. Let R = K{y}/p. Then for x G X(K), let Q x ,x be the localization of 
R at the maximal ideal of differential polynomials which vanish at x. 

Definition 5.5. A local A-derivation on 0x, x is a derivation from Qx,x to K which 
commutes with the elements of A. The set of all A-derivations on Ox,x is a vector 
space over the constants. This space is denoted by T^(X). 

We have the following natural map: 



where T i-> (Tyi, . . . , Ty n ) where yi is the image of yt in the quotient map 0a",z/p0a",x- 
For / G K{y}, define 



(A 



4 : T X A (X) g; 




and 
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Then let p x := [{D(f) x \ f G p}]. T^(X) is isomorphic to the subgroup of G™ defined 
by pa;. So, given ideal of a differential algebraic variety, it is easy to construct the 
ideal of the differential tangent space at a point. 

This philosophy almost works for characteristic sets. In order to ensure that the 
characteristic set of the ideal of the differential tangent space at a point a has the 
same leaders as the characteristic set of the ideal of the original variety, it is necessary 
to assume that the initials and separants of a characteristic set of the variety do not 
vanish at a. If one only considers orderly rankings, this leads to an easy proof that at 
points where the initials and separants do not vanish, the differential tangent space 
and the original variety have the same Kolchin polynomial. For complete details, see 

123. 

But while the conditions described in the above paragraph are sufficient for the 
differential tangent space to have the same Kolchin polynomial; they are certainly 
not necessary. One might take the definition of smooth to depend on the nonvan- 
ishing of initials and separants under a given orderly ranking, but this approach has 
the unwanted property of depending on the ranking chosen. Perhaps it would be 
interesting to quantify over all orderly rankings for the definition of smoothness, but 
we do not pursue this line here. 

Now, we give a second very natural definition of smoothness for differential algebraic 
varieties: 

Definition 5.6. A point a e V is smooth if T^V has the same Kolchin polynomial 

as V, that is: 

Remark 5.7. This definition of smoothness is not equivalent to the earlier one given 

m 

5.2. Inheriting orthogonality and regularity from A-tangent spaces. In this 
subsection we take a short detour and consider the model theoretic relation of or- 
thogonality and its relationship with arc spaces. Of course, work along these lines 
was undertaken in several previous works [H] [18], where arc spaces were used to 
prove partial dichotomy-style theorems dividing differential algebraic varieties into 
two nonorthogonality classes: those whose geometries are complicated, but whose 
nonorthogonality classes have varieties with defining ideals that are linear and those 
whose geometries are rather simple. We will not pursue such goals in this subsection, 
but we wish to show a few applications of arc spaces, especially in light of the work 
[2"5] regarding the heat equation. 

Recall that for two types p, q, we say p is orthogonal to q and write p _L q if for all 
A containing the domains of p and q, and realizations a \= p\c,b \= q\c of the non- 
forking extensions, we have a b. A type is regular if it is orthogonal to any forking 
extension. In this subsection we will pursue the following idea: nonorthogonality of 
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two Kolchin-closed sets should induce nonorthogonality of their differential tangent 
spaces. 

Suppose that X\ JL A 2 . Then, over some sufficiently large parameter set, A, we 
can find a\ G X\ and a 2 G A 2 such that Z = V(I(a\, a 2 )) is a proper Kolchin-closed 
subset of X\ x X 2 , and the projections tti : Z — > X\, tt 2 Z — >■ X 2 are Kolchin dense. 

So, there is a natural inclusion T A Z in T A (Ai x X 2 ). Now, suppose we could 
find c 6 Z so that tx\{c) and 7r 2 (c) are generic in X\ x A 2 . Further, demand that 
V(7Tj(c)) G T A Xi is of full rank (this is an open condition on Aj, certainly, this is 
implied by taking 7Tj(c) to be smooth in the sense of definition 15.4)) . 

Then V(7Ti(c)), V(7r 2 (c)) are generic in T^rJXj), respectively. But, the Kolchin 
polynomial of the pair (V{tt 1 (c)),V{it 2 (c))) G T^ i(c ^ 7V2(c)) (X 1 x X 2 ) is bounded by 
the Kolchin polynomial of a generic point in T C A (Z). Assuming c is a smooth point 
(see 15.41 - again, this is an open condition) on Z, the Kolchin polynomial for our 
pair is bounded by the Kolchin polynomial for a generic point in Z. Of course, this 
is strictly less than the Kolchin polynomial for a generic point on X\ x X 2 , which, 
at least at smooth points, has the same Kolchin polynomial as 02 )(Ai x A 2 ). 
Thus, it must be the case that V(/((V(7Ti(c)), V(7r 2 (c))))) is a proper subvariety of 
T^, C \^, C \\{X\ x X 2 ). So, V(7Ti(c)) JC A ^ (Tr 2 (c)) . This means that as definable sets, 

i 7T 1 ( C ) A l / J ^ 2 (C) A 2- 

So, we have found a sufficient condition for orthogonality of two types based on 
orthogonality of their A-tangent spaces above sufficiently general points: 

Proposition 5.8. Suppose that the generic types ofT^Xx andT^X 2 are orthogonal 
where G A, generic. Then the generic types of Xi and X 2 are orthogonal. 

Remark 5.9. This condition does not manifest in a meaningful way for ordinary dif- 
ferential fields, because in that setting T^^Ai JL T^^X 2 for any finite rank X\ 
and X 2 . In that setting, for finite rank differential algebraic varieties, differential tan- 
gent spaces (like all linear differential algebraic varieties) are finite dimensional vector 
spaces over the constants. Further, as we noted in the introduction, nonorthogonality 
is not a meaningful dividing line for positive dimensional differential algebraic vari- 
eties. However, in partial differential algebraic geometry, there is a greater diversity 
of types modulo nonorthogonality, assuming we allow types with nonconstant Kolchin 
polynomials. 

We will give several examples later in this section. First, we prove another corollary 
which is completely trivial for ordinary differential algebraic geometry. 

Corollary 5.10. Let V be a differential algebraic variety over K . Let a G V be 
generic over K. Let c G T^V be generic over K(a). If tp(c/K(a)) is regular then 
tpiajK) is regular. Also, 



RU{a/K) < RU(c/K(a)) 
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Proof. If tp(a/K) is nonorthogonal to some forking extension, then this induces 
nonorthogonality of tp(c/K) to some forking extension - namely, the generic type 
of differential tangent space (at a generic point) of the locus of a realization of the 
forking extension of tp(a/K). □ 

Example 5.11. Let K Q |= DCF ^ with A = {5i,5 2 }- We will study the differential 
variety, X, defined by the equation: 

(6 2 x) 2 = (5 3 *) 3 . 

Of course, the A-tangent space of this variety at a smooth point is isomorphic to the 
Heat equation, which, by [26], has Lascar rank equal to u. Throughout this discussion 
E will be the curve y 2 = x 3 . 

Let c G IX be a 5 2 transcendental over Kq- Further, let d 2 = c 3 . Let b G U be an 
element such that b |= = 5i(c) A 5f (x) = d. In fact, we assume that the positive 
type of b in Si(K {c, d}) is isolated by the given formulas (equivalently, b is a generic 
point on the given A- variety, in the Kolchin topology). 

Now, take e G U to be a generic solution to the equation <5f(x) = c. We let 
F = K {b, c, d} and we consider 

I* (61) := {T : F{e} F{e} | T is a A-derivation and T\ F = <*i}. 

From work of Kolchin ([8] chapter 2), we know Ip(Si) actually has the form of a 
A— variety, S(<5i)- In this case, since the positive type of e over F is implied by 
S 2 x = c, we have that 9(£l) is the zero set of the differential ideal generated by: 

Pfm ■= {S^x -Stic)}. 

So, there is T G Ip(5i) with T(e) = b if and only if b G S(Si). But, indeed, by the 
choice of b, we know that b G S(^i)- So, there is some T G Ip{Sx) with T(e) = 6. Then, 
K \= DCF 0j a' where A' = {T, <5i}. But, this means that c is a ^-transcendental over 
K and c |= (T 2 x) 2 = (5fx) 3 . One can easily write down enough forking extensions 
of tp(c/K ) to see that RU(tp(c/ K )) > u. By work of Suer [25J, the Lascar rank of 
the heat equation is u, and by corollary 15.101 we know that the Lascar rank of the 
(generic point of the) variety is bounded by the Lascar rank of its differential tangent 
space. So, RU(tp(c/K )) = uj. 

Similar analysis of other varieties whose generic differential tangent spaces are 
subgroups of the additive group which are rank u easily lead to other examples of 
regular types in differential fields. For other subgroups of the additive group of rank 
co, see [2ni Proposition 3.45, for instance]. 

5.3. Smoothness and hyperplane sections. We now return to our analysis of 
hyperplane sections of differential algebraic varieties. 

Question 5.12. Suppose that a differential algebraic variety V is smooth. Then, for 
sufficiently general hyperplane H, is V fl H smooth? 
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First, we will answer this question affirmatively for definition 15.61 

Proposition 5.13. Let V be an irreducible smooth Kolchin- closed (over K) subset of 
A n \5.6[ Let H be a generic (with respect to K) hyper surface. Then V (~)H is smooth. 

Proof. In the following proof, we are using a technique similar to that of lemmas 
13.41 through 13.111 We will be using the calculations of Kolchin polynomials of those 
results, as well as the irreducibility results in those lemmas. 

Consider, as a Kolchin-closed subset of A n+1 , the locus of / = yo + Y17=i anc ^ 
I{V/K(a 1 , . . . , a n )). We will call this differential algebraic variety W. We note that 
by Lemma [3.41 W is irreducible. Let b = (bo, . . . , b n ) e W. Then consider T-^W. 

Let b = (&!,..., b n ). Then fix some orderly ranking < x on yi, . . . , y n and let ^ 
be a characteristic set of the differential tangent space T^V. We note that by [8] 
Theorem 6, section 2.6, the Kolchin polynomial of a variety is determined by the 
leaders of its characteristic set with respect to any orderly ranking. But, now consider 
orderly ranking < 2 for which yi < 2 yo for all % > and for all differential monomials 
mi,m 2 G 0(yi, • • • ,y n ), ™>i <i ^2 if and only if mi < 2 m 2 . Then together with 
/ is a characteristic set for T^W. To see this, note that the set is autoreduced and 
coherent with respect to < 2 . A~ b is a characteristic set under <i, and no derivative of 
the leader of / appears in A^. 

We note that by [8] Theorem 6, section 2.6, the Kolchin polynomial of a variety is 
determined by the leaders of its characteristic set with respect to any orderly ranking. 
Then 



Now, let H be the hyperplane in A n given by / over K(a,yo). It is obvious that 



Now, we will answer question 15.121 affirmitively for definition 15.41 Assume V C A n . 
Here, we can apply [4, Corollary 10.9 without the assumption of projectivity, see 
remark 10.9.2 following that corollary] because for each I, the collection {tiH} where 
H ranges over the hyperplanes of A n forms a linear system in 77 A™. For all I, t{V is a 
variety over the field of definition of V as a differential algebraic variety, and we are 
taking H generic over this field. Then (tiV\(tiV) S i ng ) R TiH is smooth. Further, by 



U T£W/K{b)\t) — ^T- A V/K(b) VW 





UVnH/K(a,y )(t) ~ ^T^VnH)/ K{a,b) (0 

follows from the smoothness assumption on V and the above equations. 



□ 
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the hypotheses of the smoothness of V, for any a G V, Vz(a) G TiV\{jiV) S i rigi so for 
aGVntf, V,(a) e r^Vny)^ D r,ff. 

We must verify that c?(vr si )v s (a) has full rank for every s > t. Fix a 6 V generic 
and independent from H = Hi (in the notation of section 3). Then T s+1 if Vs (a) is a 
generic hyperplane (with respect to the differential field generated by the canonical 
parameter of X and a) in r s+ iVy s ( a )- So, as long as (X s+ i) Vs ( a ) is not zero dimensional 
(X s+ i fl r s+ i_£/~)v s ( a ) is nonempty. However, assume that V is not zero dimensional as 
a differential algebraic variety so that V^flif is nonempty. Then the closed subvariety 
W C V (the Zariski closure of V) such that for a E W, (X s+1 ) Vs ( a ) is positive 
dimensional must be nonempty. On the closed subvariety W, the map d(7r s +i )S )v s (a) 
has full rank. If V\W is nonempty, then as a constructible set in the Kolchin topology, 
it is zero-dimensional. Thus V\W fl if is empty by Proposition 13.71 Thus, we have 
established: 

Theorem 5.14. Let V be an irreducible smooth J5.^| or [57b}) Kolchin-closed (over K) 
subset of A™. Let H be a generic (with respect to K) hyper surf ace. Then V fl H is 
smooth. 

6. Definability of rank 

We next turn to a couple of applications of geometric or model theoretic nature. 
First, we will prove differential transcendence degree is a constructible condition in 
the Kolchin topology: 

Lemma 6.1. Given a family of differential algebraic quasi-varieties, <fi : X — > S, with 
a>m{S) = 0, the set {s G S \ a m (X s ) = d} is a constructible subset of S. 

Proof. Fix d n + 1-tuples [ci } j)i<i<d,i<j<n+i such that the elements in the tuple are 
independent A-transcendentals over the canonical bases of X, S, and 0. Then by 
Theorem [3121 

n n 

{ S | M^OO) >d} = { s \ <j>-\s)nz(%2 c i,i%— c l,n+i> • • • , ^2 c d,jUj- c d,n+i) is nonempty} 

One should note that Theorem [3712] applies in this case only because over the canonical 
base of S, we know that any point on S is of differential transcendence degree 0. 
So, choosing a generic hyperplane over the base of all of the definable sets at the 
beginning ensures that the hyperplane remains generic over any given fiber of the 
definable map (f>. The set on the right is obviously first order definable (which implies 
Kolchin constructible by quantifier elimination when K is differentially closed). □ 

Example 6.2. When S is positive differential transcendence degree, more care is 
clearly needed, for instance, consider the following example. In the previous theorem, 
suppose that S = A n+1 and X C A n . Let the fiber above a point in S be the 
hyperplane cut out in A n by the coordinates of the point. For instance, fix coordinates 
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yo, ■ ■ ■ , y n for S, and now fix the system of generic hyperplanes which we propose to 
use as in the above theorem. Then let c be such that H 5 is in the collection. Of 
course, c is a point on 5*. In the fiber above this point, this hyperplane is not generic, 
and in fact is precisely the set _1 (c), so intersections with this hyperplane are useless 
in this fiber. Our solution to this potential problem is completely combinatorial in 
nature. 

Theorem 6.3. Given a family of differential algebraic quasi-varieties, <fi : X — > S , 
the set {s G S \ a m (X s ) = d} is a constructible subset of S. 

Proof. Adopt the notation of Lemma 16.11 Suppose that a m (S) = n\. Then pick 
2n\ + 1 systems of d + 1 (n + l)-tuples of mutually independent A-transcendentals 
(equivalently, fix an indiscernible set in the generic type, over K with the canonical 
bases of X, S, and 0; then pick any (2ni + l)(d)(n + 1) elements). Denote the chosen 
elements 

{c k ,i,j 1 1 < k < 2m + 1, 1 < i < d, 1 < j < n + 1} 
Of course, over any given fiber of S, some of the 2n\ + 1 systems do not determine 
generic hyperplanes. But, because a m {S) = n\ and the systems are mutually inde- 
pendent, at least n + 1 of the systems are generic over any given fiber 

Now, the requirement that a m (0 _1 (s)) > d is equivalent to the condition that for 
at least n x + 1 values of k, 

n n 

<p~ l {s) n Z(y j c ktlJ yj - c Mjn+ i, . . . , 2j Ck,d,jVj - c k,d,n+i) 7^ 

3=1 j=l 

□ 

Remark 6.4. The previous theorem tells us some information about the nature of 
the intersection of our variety V with arbitrary linear subspaces. Namely, that the 
subset of the Grassmannian which intersects V with fixed dimension n is actually a 
constructible set in the Kolchin topology. 

Note that this would not simply follow from the main generic intersection theorem. 
After all, there is, a priori, no reason that the exceptional locus could not be an 
infinite union of differential algebraic subvarieties. In fact, when working with other 
ranks on differential algebraic varieties, exceptional loci need not have differential 
algebraic structure. For instance, in [17], a family of differential algebraic varieties in 
a complex parameter a is shown to be strongly minimal if and only if a is in a certain 
discrete subset of the real axis (this exceptional locus is far from being a constructible 
set in the Kolchin topology). The above proposition means that this can not happen 
when considering the differential dimension. 

The authors of (28] prove an interesting geometric result which also generalizes 
to the partial differential setting. Their proof uses differential specializations. Our 
approach here is rather different, though a proof by suitably generalized methods of 
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this kind is possible. Our proof is shorter, but as usual, we are using the machinery 
of stability theory. 

Theorem 6.5. Let V be a differential algebraic variety of dimension d. If the set of 
d + 1 independent generic hyperplanes through a intersects V , then a £ V. 

Proof. We note that the hypotheses imply that u m ■ d < RU(V/K) < u m ■ (d + 1). 
Let a $l V. First, we will argue the result in the case that a = (0,...,0). Any 
hyperplane through the origin is of the the form Yl c iVi = 0- We assume that the 
Q are independent differential transcendentals over K. We denote this hyperplane 
by H 5 . Suppose that b is a generic point on one of the irreducible component of 
V n H z over K(c). If d is a generic point on V over K, and for / C {1,2, ... ,n} we 
have that D = {di | % G J} is a differential transcendence base for the field extension 
K(d)/K, then the same property holds for b, that is B = {bi | i G 1} is a differential 
transcendence base for the field extension K(b)/K. Thus, RU(b/K(B)) < u m . 

Now since b G H 5 fl V, we know that C A = 0- We will bound RU (b/K{c)). Since 
over K, c is an independent differential transcendental, 

RU{c/K(b)) +u m = RU(c/K). 

But, then by Lascar's symmetry lemma [T9l chapter 19, for instance] 

RU(b/K{c}) +u m < RU(b/K). 

Thus, the differential transcendence degree of b/K(c) is at least one less than that of 
d/K. 

In the case that RU(V/K) < u m , the above argument using Lascar's symmetry 
lemma shows that V fl H E = 0. 

Now, suppose that a is some point besides (0, . . . , 0). If so, adjoin a to the field K 
and consider K(a). A priori, perhaps V is no longer irreducible; if not, arguing about 
each irreducible component would suffice. 

Now, by translating the variety V and the point a, one can assume a = (0, . . . , 0). 

□ 

7. Irreducibility in families 

In this section, we will produce new results in ordinary differential fields, but we 
discuss the partial case. 

Question 7.1. Let <fi : V — >■ S be a morphism of differential algebraic varieties. Is 
the set {s \ ^ s irreducible} a constructive set in the Kolchin topology? 

This question and several other equivalent statements were addressed in [12], but a 
complete answer to the irreducibility problem was not obtained. We will not address 
this question of irreducibility in particular, but rather a related one, of which a special 
case is considered in appendix 3.1 of [6]. 
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Definition 7.2. Let V be a differential algebraic variety. We say that V is generically 
irreducible if V has one component of maximal Kolchin polynomial. 

In [6] , this notion was considered for finite transcendence degree (in our terminology, 
dimension zero) ordinary differential algebraic varieties where the following result was 
proved (in slightly different language): 

Proposition 7.3. Let cf) : V — >■ S be a morphism of differential algebraic varieties 

such that the fibers of <fi are dimension zero. Then the set {s \ <f)~ 1 {s) is generically irreducible} 

is Kolchin- constructible. 

The proof involves two ideas. First, any fiber V a , being finite rank, is naturally 
associated with an algebraic D-variety, that is, an algebraic variety W a along with 
s a , a section of the twisted tangent bundle. V a is generically irreducible if and only if 
W a is irreducible as an algebraic variety. The construction of W a from V a is uniform 
in families, and irreducibility of W a is constructible in families [27J. Note that the 
approach to the problem of irreducibility in families via ultraproducts in [27J (for 
the algebraic case) was the basic blueprint for the analogous approach in [T2] in the 
differential case where several interesting equivalencies were proved (but the problem 
was not completely settled). An alternate proof of definability of irreducibility in 
families of algebraic varieties can be found in [3, 15.5.3]. 

Example 7.4. Examples of varieties which are generically irreducible, but not irre- 
ducible are widely known in the literature. Of course, in the introduction, we gave 
a difficult example 10.11 Numerous other examples are much easier to develop. For 
instance, see [TTJ page 39] or (6J appendix]. For instance, (S 2 x) 2 — 2Sx has components 
given by d~ 2 x = and 5 3 x — 1 = 0. 

Proposition 7.5. Let : V — >■ S be a morphism of differential algebraic varieties. 
Then the set {s | </> -1 (s) is generically irreducible} is Kolchin- constructible. 

Proof. The set {s \ dim{<fr x (s)) = k} is a constructible set by 16.31 So, we need only 
establish the result for each value of k separately. 

For the zero dimensional fibers, we apply 17.31 Suppose that k > 0. Recalling the 
technique and notation in the proof of !6.3[ we fix a system of {Hij} i= i^^ t k,j=i,...,2dim(s)+i 
of 2dim(S) + 1 generic independent systems of k hyperplanes. Now, because the in- 
tersection of _1 (s) with any system of k independent generic hyperplanes over s is 
dimension zero, if we could fix a single system of k generic independent hyperplanes 
which were independent from each s G S, we could reduce to the problem to 17.31 Of 
course, this is impossible when S is not dimension zero. Thus, we must apply the 
trick from 16.3] A fiber <p~ 1 (s) of dimension k is generically irreducible if and only if 
either 

(1) _1 (s) n Hi j R . . . R Hkj is zero dimensional and generically irreducible for at 
least dim(S) + 1 values of j G {1, . . . , 2dim(S) + 1} 
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(2) For at least dim(S) + 1 values of j G {1, . . . , 2dim(S) + 1}, the variety 4>~ 1 (s) (1 
Hi j R . . . n Hk j consists of finitely many points (this implies that the Kolchin 
polynomial of any component of is d- (t + 1), which implies that 

is an algebraic variety) and <p~ 1 {s) is an irreducible algebraic variety 

Consider the first case: -1 (s) H-Hij fl . . . ri-ff^j being dimension zero is a definable 
condition; then applying 17.31 for the values of j such that </> _1 (s) fl H lf j fl . . . fl H k j is 
zero dimensional gives this is a constructible condition. 

Consider the second case: here is an algebraic variety, because the differ- 

ential field generated by a generic point is algebraic over dim{(j)^ 1 {s) / 'K(s)) differ- 
ential transcendentals. The number of points in the intersection of the variety with 
<iim(0 _1 (s)) generic hyperplanes may be bounded in terms of the degree of the equa- 
tions. In model-theoretic terms, this is known as uniform bounding, and applies in 
differentially closed fields [TTJ Corollary 2.15]. So, as s varies, there is a uniform upper 
bound, n\. So, checking that there are at least dim(S) such families of hyperplanes 
which intersect <p~ 1 {s) in at most n\ points is a constructible condition. Irreducibility 
within this constructible subfamily is given by the result of [27] discussed above. □ 

The problem of irreducibility in families is related to several important problems 
in differential algebra. In [T2], the following theorem is proved: 

Theorem 7.6. The following are equivalent: 

(1) Irreducibility is definable in families. 

(2) For every d there exists r(d,n,m) such that for every A-field K if P is a 
prime A-ideal of K{x} with characteristic set whose elements are of degree 
and order less that or equal to d, then P is differentially radically generated 
by A-polynomials of order and degree less than or equal to r. 

(3) For every d, there is r = r(d, n, m) such that for every A-field K and all prime 
A-ideals P, Q C K{x} with characteristic sets whose elements are of degree 
and order less than or equal to d, if every A-polynomial in P of degree and 
order less than or equal to r is in Q, then P C Q. 

(4) For every d, there is r = r(d,n,m) such that for every A-field K, every set 
S C K{x} of A-polynomials of degree and order less than or equal to d, 
and every pair P and Q of minimal prime A-ideals containing S, if every 
A-polynomial in P of degree and order less than or equal to r is in Q, then 
P = Q. 

(5) For every d, there is r = r(d,n,m) such that for every A-field K, every set 
S C K{x} of A-polynomials of degree and order less than or equal to d, and 
every g G K{x} of degree and order less than or equal to d, if gf ^ {S} for 
all f G {S} of degree and order less than or equal to r, then g is not a zero 
divisor modulo {S}. 

Combining the previous theorem and Proposition 17.51 we obtain: 
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Proposition 7.7. (In the ordinary case) Each of the conditions of the previous the- 
orem are equivalent to the following: 

• Let : V — » S be a morphism of differential algebraic varieties. The set 
{s | (p~ 1 (s) is generically irreducible, but not irreducible} 
a constructible set in the Kolchin topology. 

Remark 7.8. As we noted at the beginning of this section, we are working only in 
ordinary differential fields for this application; the results and approach discussed here 
do not seem to readily apply to the partial differential case. One might still apply the 
intersection theory developed above to reduce the question of generic irreducibility 
to the dimension zero case. However, difficulties still abound, because the A-type 
of the variety is likely to be greater than zero. In this case, one can not reduce 
to the algebraic category via the functor to algebraic D-varieties, but must use the 
prolongation sequences of [14J. 
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